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New, Quasi-simultaneous Method to Calculate Interacting
Boundary Layers

A.E.P. Veldman*
National Aerospace Laboratory NLR, Amsterdam, The Netherlands

A quasi-simultaneous method is described to calculate laminar, incompressible boundary layers inperacting
with an inviscid outer flow. The essential feature of this method is an interactive boundary condition prescribing
a linear combination of pressure and displacement thickness which models the behavior of the outer flow, This
way the quasi-simultaneous method avoeids difficulties incurred when either direct or inverse methods are used,
resulting in fast convergence of the iterative procedure involved. The method is consistent with the asymptotic
triple-deck theory. Results will be presented for two problems which exhibit strong interaction between the
viscous and inviscid regions: a boundary layer with a separation bubble, and the flow near the trailing edge of a

flat plate.
Nomenclature
c =skin friction coefficient, c,=Re ~13u/dy
h =mesh size in x direction
H =thickness of computational boundary-layer domain
L =characteristic length
M,N =number of grid points in y and x direction,"
respectively
p = pressure
R; =remainder term in discrete interaction law
Re  =Reynolds number, Re=U,L/v
u =component of flow velocity parallel to surface

u,u,, =value of u at edge of boundary layer with and
without interaction, respectively

U, =characteristic velocity

x =coordinate along surface

x,,x, =endpoints of region of interaction

y,7  =coordinates normal to surface, y=Re!/?y
ay =matrix coefficients in discrete interaction law
6*,6 =displacement thickness, 6=Re!/?5*

v =kinematic viscosity

V.9  =stream functions, ¢y =Re!/2y

w - =relaxation factor

Subscripts

Lj = grid point location

Superscript

n =number of global iteration sweep

I. Introduction

T is well-known that many numerical methods for solving

the boundary-layer equations encounter difficulties when
the flow tends to separate from the body surface. The relevant
common feature of these methods is the prescription of the
pressure as a boundary condition (the direct method). It has
been shown by Goldstein that, apart from exceptional cir-
cumstances, this will inevitably lead to a singularity in the
solution at the point of separation, ! causing the breakdown
of the numerical method. As an immediate consequence the
conventional direct iterative schemes which are being used to
account for the interaction between the boundary layer and
the outer inviscid flow cannot be applied when separation is
present.

Catherall and Mangler? were the first to realize that
relaxing the pressure might lead to regular solutions of the
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boundary-layer equations. Indeed, prescribing the
displacement thickness as a boundary condition, they were
able to integrate the boundary-layer equations through the
separation point and into a region of reverse flow without any
evidence of singular behavior at the separation point. This
observation has subsequently led to other inverse solutions of
the boundary-layer equations, prescribing either displacement
thickness or wall shear. 47

A problem associated with the latter, so-called inverse,
techniques is that the required displacement thickness (or wall
shear) is not known a priori. The appropriate value has to be
obtained, as part of the overall problem, from the interaction
between the boundary layer and the inviscid flow.
Calculations of subsonic and transonic flows which are
essentially based upon this inverse type of viscous-inviscid
interaction have been presented by several authors, 812

The global organization of the direct and inverse iterative
methods to calculate the interaction problem has been
sketched in Fig. 1. The calculation consists of two parts
treated alternately: the calculation of the boundary layer
(viscous region), and the calculation of the outer flow (in-
viscid region). In the direct method the boundary-layer

- equations are solved with prescribed pressure p, and the outer

flow is computed with prescribed displacement thickness 6*.
In the inverse method the role of p and 6* is interchanged.

As discussed above, the direct method breaks down as soon
as boundary-layer separation occurs. The inverse method can
treat this situation, but the convergence of the iterative
process is slow due to the need for severe underrelaxation. For
instance, in Ref. 10 a relaxation factor of 0.2 had to be used.
The convergence gets even slower when the region of inverse
boundary-layer calculation is enlarged. A second drawback is
the difficulty to obtain a smooth transition from a directly to
an inversely calculated region. 8

An improvement over the inverse method can be obtained
by applying the semi-inverse method introduced by Le
Balleur.® Herein the boundary layer is calculated inversely,
but the outer flow is calculated in the direct way. Thus both
parts of the flowfield are computed with prescribed
displacement thickness, resulting in two pressure distributions
which must be the same upon convergence. An iterative cycle
is completed with a relaxation formula which combines the
old displacement thickness and the two pressure distributions
into an updated displacement thickness. The organization of
this method has also been sketched in Fig. 1. The method of
Kwon and Pietcher ! and Carter 2 possesses the same type of
organization, but the relaxation formula is different from the
one used by Le Balleur.® The choice for the relaxation for-
mula made by Kwon and Pletcher!! and Carter!? is rather
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Fig. 1 Global organization of direct, inverse, and semi-inverse
methods.

satisfactory as the iterative process allows overrelaxation
leading to fast convergence, whereas the method of Le
Balleur? still requires underrelaxation. However, the process
of choosing the relaxation formula still contains some ar-
bitrariness, since, as reported by Carter,!? other plausible
choices for the relaxation formula can lead to divergent
iterative schemes; hence extension of the method to more
general situations is not straightforward.

In the methods mentioned above with the alternate
treatment of viscous and inviscid regions, the numerical
scheme provides only a weak, retarded coupling of both
regions. However, near separation and also near trailing
edges, the interaction has a strong, simultaneous character,
i.e., there does not exist a definite hierarchy between the
boundary layer and the outer flow. 1314 As a consequence of
this observation it may be expected that a numerical scheme
which also possesses a simultaneous coupling between the
viscous and inviscid parts of the flowfield can have favorable
properties. The iterative methods used for many years in case
of a supersonic outer flow do implement this simultaneous
character already %16 by applying a tangent wedge condition
or a Prandtl-Meyer relation as a boundary condition to the
boundary-layer equations.

In the present paper we will introduce a subsonic analog of
the latter methods. The boundary-layer equations will be
solved with a suitable representation of the interaction law as
a boundary condition, which in this case possesses the elliptic
character of the outer flow. This way the method prescribes a
linear combination of pressure and displacement thickness, in
contrast with the methods mentioned above which prescribe
either one or the other. The iterative process, required because
of the elliptic boundary condition, appears to converge
rapidly; overrelaxation (with a factor 1.5 typically) can be
applied. Due to a close resemblance with direct methods,
smooth transition to directly calculated regions can easily be
achieved. )

The new method is consistent with the asymptotic triple-
deck theory of Stewartson.!” This theory describes, in the
limit of vanishing viscosity, the structure of a laminar
boundary layer in the vicinity of singular points such as a
trailing edge or a point of separation. The present method can
be regarded as a translation of the asymptotic theory for
Re— o0 into.a model for large values of Re. Therefore the
paper is begun with a review of the essential features of the
triple-deck. Hereafter the new calculation method will be
presented. Special attention will be given to the essential
numerical features. The method is demonstrated on two
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problems, covering two different situations in which strong
interaction occurs: a boundary layer with a separation bubble,
introduced by Carter and Wornom !¢ and the flow near the
trailing edge of a flat plate. In the latter case the results of the
present interacting boundary-layer calculations are compared
with the results from triple-deck theory.

II. Description of (Strongly) Interacting
Boundary Layers

Asymptotic Point of View

The nature of the interaction between viscous and inviscid
regions can be studied by means of the asymptotic theory for
Re—o. The asymptotic theory indicates which set of
equations is required to describe the flow. Moreover it can
suggest how to choose the numerical method for solving the
flow equations. Situations in which the conventional direct
boundary-layer solutions, i.e., with pressure prescribed,
behave smoothly can be described by the classical boundary-
layer theory as originated by Prandtl. However, when the
direct solution exhibits singularities, a more refined theory is
required. In case of laminar flow a number of these singular
cases can be treated by the so-called triple-deck theory in-
troduced by Stewartson and Messiter. A comprehensive
review hereof has been given by Stewartson.!” The ap-
plications of this theory include the flow near cusped trailing
edges with finite curvature,!® near separation,!® and
presumably near reattachment as well. 20

The triple-deck is a three-layered region which in in-
compressible flow, to which we will restrict ourselves, has a
streamwise extent O(Re~3/8L) around the -singular point
referred to in the above situations. In normal direction it
consists of:

1) A viscous sublayer of thickness O(Re~3/4L) which is
governed by the boundary-layer equations. )

2) An inviscid middle layer of thickness O (Re ~/2L) where,
effectively, the oncoming flow undergoes a downward
displacement.

3) An inviscid irrotational top layer of thickness O
(Re —3/8L) which can be described by the thin airfoil theory.

A sketch of the triple-deck is presented in Fig. 2.

The triple-deck possesses a number of properties, to be
described below, which in our opinion are relevant for the
design of a calculation method for interacting boundary
layers:

1) The boundary-layer equations are sufficient to describe
the lower two layers of the triple-deck, i.e., the viscous part of
the flow. This property is consistent with the findings of
Briley and McDonald?! who have compared the solution of
the boundary-layer equations with the solution of the Navier-
Stokes equations for a boundary-layer flow with a separation
bubble.

2) The interaction with the outer flow has a local character,
as the triple-deck has only a small extent O(Re3/L).
Furthermore the interaction can be described by the thin
airfoil theory. It may therefore be expected that a local
linearized description of the outer flow will suffice to give a
good approximation of the interaction. For situations in
which the outer flow is supersonic this property is exploited in
interacting boundary-layer models where a linearized Prandtl-
Meyer relation is being used to describe the interaction. One
of the first practical examples hereof is due to Lees and
Reeves. 16 A subsonic version of the latter method has been
presented by Crimi and Reeves. 2

3) There is no definite hierarchy between the viscous region
and the inviscid region. In fact, far upstream and downstream
in the triple-deck, i.e., Re3% |x| — oo but x—0, the hierarchy
of the flow tends to the classical direct boundary-layer
hierarchy where the pressure is determined mainly by the
outer inviscid region. When Re?/8x—0 the hierarchy changes
into the inverse type, in which the pressure distribution is



JANUARY 1981
POTENTIAL FLOW REGION 0 (Re-38)
CLASSICAL 0 (Re=1/2)
BOUNDARY [0 (Re=1/2)

LAYER .
0(Re=3/8)

/7 / X_ /.

SINGULAR POINT
0 (Re™3/8)

Fig.2 Triple-deck.

determined in the boundary layer.!4 Thus in the triple-deck
the hierarchy changes its character from direct into inverse.
Such a situation in which the interaction does not possess a
definite hierarchy will be defined strong interaction. The
change in hierarchy in. the triple-deck can be used to explain
the convergence difficulties of the direct and inverse methods
for calculating interacting boundary layers. For it is observed
that the numerical difficulties originate where the hierarchy of
the numerical scheme differs from the asymptotic hierarchy.
A detailed study of this aspect has been published
elsewhere. 2 This study also reveals how a numerical scheme
without hierarchy can avoid these difficulties. Such a scheme
will be presented in this paper.

The above asymptotic description of (strongly) interacting
boundary layers is valid for laminar, incompressible flow. For
supersonic flow,!7 turbulent flow,? and shock-wave
boundary-layer interaction?® the situation becomes more
complicated. Nevertheless the same type of conclusions can be
drawn from the appropriate asymptotic theory, and they will
probably be of the same help as in the present case for the
- design of an efficient calculation method.

Interacting Boundary-Layer Model

We will now come to the presentation of the interacting
boundary-layer model. Consistent with triple-deck property
1, it is assumed that the viscous part of the flow can be
described by the boundary-layer equations:

U, — Vb = Uity +s; (1a)

u=v; (b)

Here ¥ is a scaled normal coordinate, y=Re!?y; (x,y) isa
Cartesian coordinate system; ¢ is the scaled streamfunction,
J=Rel’2y; u=y, is the velocity component in x direction;
and u, denotes the value of u at the edge of the boundary
layer.

The interaction with the outer flow will be expressed by
means of a boundary condition for y—oo. We will formulate
this interaction law in external velocity rather than pressure.
Let u, be the external velocity resulting from a first-order
potential flow calculation, and let u,, denote the correction
hereof due to a displacement thickness &*. Then the in-
teraction law can be written as

Uy (X) = ) (X) + 1y, (X) @

In many situations it will be sufficient to use an approximate
version of u, . In supersonic flow one often uses a linearized
Prandtl-Meyer relation. !¢ For a subsonic flow a thin airfoil
approximation may be used,? which is consistent with
property 2 of the triple-deck. Thus we will use the following
approximate interaction law

Up (X) =ugy (X) + — ——”—dE &)

_/Z(& e d(u,,8) /dE
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where [x,,x.] denotes the region in which the interaction is
important. Further, 6 is a scaled displacement thickness,
6=Re!’?6*, defined by the requirement

J=00: Y~ (§-6) @

The system formed by Eqs. (1), (3), and (4) is completed with
initial conditions, and boundary conditions at y=0.

The essential point of the present method is the numerical
treatment of the interaction law [Eq. (3)]. In this relation
both u, and § are (simultaneously) treated as unknowns. Thus
a linear combination of #, and § is prescribed as a boundary
condition, avoiding a numerical hierarchy as recommended
by triple-deck property 3. More details about this approach
will be given in Sec. III. Since the approximate interaction
law, which describes the most important influence of the
outer flow, is treated simultaneously with the boundary layer,
the present method will be called quasi-simultaneous. The
organization of this method is sketched in Fig. 3; this figure
can be compared with Fig. 1. In cases where the ap-
proximation of the interaction law is not accurate enough it
may be necessary to update the outer flow calculation. This
possibility is indicated by the dashed line in Fig. 3.

III. Numerical Formulation

Discretization of the Boundary-Layer Equations

In the examples to be presented the boundary-layer
calculation has been restricted to the same x interval [x,,x,]
where the interaction is believed to be important. The outer
edge of the boundary layer has been placed at a finite
distance, y=H(x), from the body surface. A good choice
appears to be H(x)=75(x). The bounded domain thus
obtained has been covered by a (nonequidistant) finite-
difference mesh with gridpoints (x;,9;); i=0, ..., N; j=0,...,
M.

The x derivatives appearing in Eq. (1) have been replaced by
the familiar three-point backward formula. The y derivatives
in Eq. (1a) have been discretized with second-order formulas
centered around y;, j=1,...,M~—I; whereas in Eq. (1b) they
have been centered around y;, ,, j=0,...,M —1. The resulting
set of discrete equations at an x station x; has been combined
with the boundary conditions at y,=0 and y—oo. The
discretized version of the interactive condition [Eq. (3)] will
be described in the following subsections. The complete set of
nonlinear equations is solved with Newton’s method. The
resulting matrix is sparse, i.e., 2 X 2 block tridiagonal with
one additional column, and is solved taking the sparsity
pattern into account.

We stress that in the present calculations the three-point
backward scheme has also been used in regions of backflow.
According to Cebeci and Bradshaw?® (p.370) all inverse
boundary-layer procedures use the FLARE approximation
for regions of backflow. This approximation has been in-
troduced by Fligge-Lotz and Reyhner,?” and it neglects the
uu, term.in Eq. (1a) in the region with negative ¥ component.
The purpose of this approximation is to stabilize the
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numerical solution process. However, for the separated flow
calculations performed with the present quasi-simultaneous
method it has not appeared necessary to use this approach.

Discretization of the Interaction Law

In the calculations we have applied thus far a simple
discretization of the thin airfoil integral in Eq. (3), namely the
midpoint rule, appeared to give sufficiently accurate results.
This has been verified by comparing the results with those
. obtained when using a much more refined treatment; details
can be found in Ref. 28.

To describe the discretization of Eq. (3), let the x coor-
dinates of the mesh points be given by x; =x, +ih, i=0,...,N;
Xy =x,. Further let A; be an abbrev1at10n for (u, 6)(x ). The
1ntegral in Eq. (3) - to be calculated for x=x;, 1—1 N will
be evaluated with the midpoint rule on intervals [ Xiv1ls
Jj=0,..., N—1. This results in

e A’
1 g de= hEA,+/,/(xi—s,-—l/zh) )

The value of 4/, ,, has been discretized as
Al ,=(A;j, —A)/h
which after substitution into Eq. (5) leads to
N-1
RI= Y (Aj —A)/ (i=j—15)

j=0

N
By— Y A=)~ 1]

Jj=1

=—A,/(i—¥)+Ay/(i—N—

where we have manipulated with A such that all A; get the
same coefficient in the summation over j. The last expression
will be abbreviated to

hJ;=R}+ E cyA; ©6)

Jj=

where
ci=—[i=-j)?=4%]1-
R}=—-A,/(i—12) +AN/(ifN—1/z)

It can be deduced that the matrix (c;) is symmetric and
diagonally dominant. Moreover ¢; >0, hence (c;) is also
positive definite. These propertles have an 1mportant in-
fluence on the convergence of the global iteration process (to
be described below). This is discussed in more detail in Ref.
23. Therefore, in case another discretization of the interaction
integral has to be used one should strive for a positive
definite, diagonally dominant matrix of coefficients c;;.

Finally, substituting the discretization of Eq. (6) into Eq.
(3) we obtain the discrete interaction law

N
u, =ty + Y, a;d;+R, %)

where

aij.‘—'ﬂueo‘_cij, Ri =BR;" B= (WhRel/z) B

Implementation of the Interaction Law

The essential feature of the present method is the way in
which the interaction law is coupled numerically with the
boundary layer.equations. As already mentioned in Sec. II we
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treat both u, and §; as unknowns when calculating the ith
boundary-layer station. Due to the elliptic character of the
interaction law several sweeps through the boundary layer
have to be made. In the nth sweep the implementation of Eq.
(7)is as folloWs

u§ - b =, + E o84 + E ;84" D + R~
Jj= J=i+1
®

To show the difference with the direct and inverse methods we
will write below the corresponding versions of Eq. (8). The
direct version reads

N
ug” Slep, * EI b= + R{*=D )]
=

and the inverse version would be

i—1
_aiiai(n) =ueoi_uzg,-n_” + E aijb}n)
Jj=1

N
+ Y adnh + R (10)

J=it+1

although actually in most inverse methods a discrete version
of the inverse thin airfoil integral will be used in the in-
teraction law [Eq. (3)], resulting in a different right-hand
side in Eq. (10). :

The present implementation [Eq. (8)] of the interaction
law leads to the prescription of a linear combination of u, and
6 as a boundary condition to the viscous flow equations.
Numerical experiments with different types of the linear
combination, say u,+cé with varying ¢, have revealed that
not just any combination can be used. It is known that the
case ¢=0 [corresponding with Eq. (9)] induces a breakdown
of the boundary-layer calculation at a point of separation.
The numerical experiments have shown that the choice ¢>0
leads to a similar breakdown (at another position). Negative
choices for ¢, with ¢ not too close to zero, do not give rise to
numerical difficulties in the boundary-layer calculation. In
particular, the value of ¢ defined by Eq. (8) appears to be a
favorable one. More details about this point can be found in
Refs. 23 and 28. ,

The implementation of the interaction law not only affects
the solution of the boundary-layer equations at a given station
i, but it also affects the overall convergence of the global
iteration process. For instance the inverse choice, ¢= — oo,
results in very poor convergence (only after sufficient un-
derrelaxation), as discussed in the introduction. The present
choice c= —a; appears to lead to much better convergence
properties.

The Global Iteration Process

To complete the description of the numerical formulation,
an overview of the organization of the global iteration
process, required because of the elliptic nature of the outer
flow, will be given below.

Step 0: n=0. Calculate u, by means of the outer flow
equations. Prescribe an initial profile at x=x,, e.g., the
Blasius profile. Give a first estimate 8 (9 for the displacement
thickness distribution, e.g., the Blasius distribution.

Step 1: n=n+1. Update the thickness of the domain of
computation, H( =7§ (-1 March through the boundary
layer from x; to x, in the way described in the preceeding
subsections. The interaction law is implemented as indicated
by Eq. (8). We note that the displacement thickness is treated
in a Gauss-Seidel fashion.
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Step 2: After a complete sweep through the boundary layer
the iteration process is checked for convergence, where the
convergence criterion has been taken as

max I§(" —8"-D <104 (60))]
i 1 1

If this criterion is not yet satisfied 6 is overrelaxed with a
factor w =1.5 (typically), after which the process returns to
step 1. It appears that the overall convergence is not very
sensitive to the choice of w.

Remark: An analogous approach has been successfully
used to solve the triple-deck equations.? Again
overrelaxation can be applied, whereas the usual inverse
methods require underrelaxation with w<0.1 (typically).

IV. Examples

The quasi-simultaneous method will be demonstrated by
means of two examples of laminar, incompressible boundary
layers which exhibit a strong interaction with the outer flow:

1) A boundary layer with a separation bubble, calculated
earlier by Carter and Wornom, 10

2) The viscous flow near the trailing edge of a flat plate
(symmetrical).

Separation Bubbles

The present method will be demonstrated first by
recalculating a problem defined by Carter and Wornom., 10
They have considered a dented plate given by

yp=—0.03sech4(x—2.5),0<x<oo

placed in an oncoming parallel flow with unit velocity (see
Fig. 4). The Reynolds number has been chosen Re=
1/y=8x10%. Carter and Wornom assume that the pressure
distribution of the first-order outer potential flow past the
body can be represented by the thin airfoil theory:

1 f~dyg/dE
ug =1+ - § 25

£

For purposes of comparison we have also used this assump-
tion. Further it has been assumed that the interaction takes
place between x=1 and 4. Moreover, to be consistent with
Carter and Wornom, the interaction formula (3) has been
used with u, & replaced by 8, thus exploiting the fact that u, 0
does not dif.f%r too much from unity.

Carter and Wornom have applied an inverse method
requiring pronounced underrelaxation (w=0.3). For a 121 X
87 grid they need 64 iterations to pass the convergence test
[Eq. (11)], which requires about 30 min computation time on
a CDC 6600. With the quasi-simultaneous method, using
* overrelaxation with w= 1.5, about 10-20 iterations, depending
on the mesh size, are sufficient to satisfy Eq. (11). The
solution for a 121 X 81 grid can be calculated in less than 4
min on a CDC 6600.

Some results obtained with the present method have been
plotted in Figs. 5-8. Figure 5 shows the displacement

0.02
DISPLACEMENT BODY
4

REATTACHMENT

-0.02 '

I BLASIUS FLOW l REGION OF INTERACTION '

Fig. 4 Dented plate for calculation of separation bubbles (separation
streamline and displacement body are indicated for Re=36 X 104).
_ Note difference in x and y scale.
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Fig. 7 Separation bubble: pressure distributions with and without
separation.
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Fig. 8 Separation bubble: velocity profiles for case with severe
separation, Re= 36 x 104,

thickness. Besides our and Carter and Wornom’s results for
Re=8x10*%, which agree within graphical accuracy, this
figure also shows results obtained with the present method for
Re=36x10%. Moreover, for comparison the displacement
thickness for a flat plate (Blasius solution) has been inserted.
The latter values have been used as the initial guess in the
calculations. The skin friction distribution is displayed in Fig.
6. Here a difference between  the present results for
Re=8x10* and those of Carter and Wornom is visible near
the upstream end of the region of interaction. The difference
can be explained from the treatment of the thin airfoil integral
in BEq. (3). It will disappear when the domain of integration of
this integral is extended somewhat upstream of x=x,. The
skin friction for the larger value of the Reynolds number,
Re=36x104, shows a remarkable dip shortly before reat-
tachment. A similar dip has been observed by Briley and
McDonald ?! in Navier-Stokes solutions.

The best impression of the influence of the interaction

between the viscous and inviscid parts of the flow can be
obtained from Fig. 7. Here we give results for the pressure
p="(1—u/?) obtained with interaction. Also presented is the
pressure without interaction (1 —ue?o). The difference
between the two curves indicates the influence of the in-
teraction. Further, the pressure distribution for the larger
value of Re possesses a typical plateau region as has been
predicted by Stewartson and Williams?® for supersonic, self-
induced separation. Also in experiments such a plateau region
can be observed, see Ref. 30 for instance. Finally Fig. 8
presents some velocity profiles for the separated boundary
layer with Re=36x10%. It is noted that the largest backflow
velocities, which have a magnitude of about 10% of the edge
velocity, occur just before the reattachment point.

Trailing-Edge Flow

As a second example we have used the quasi-simultaneous
method to calculate the interaction near the trailing edge of a
flat plate placed parallel to a uniform oncoming flow. The
Reynolds number of the problem (based upon the length of
the plate) is Re=107°. The plate occupies the interval {0,1] of
the x axis. We have assumed that the interaction is limited to

the interval of 0.5 <x=<1.5. Between x=0 and 0.5 we let the:

flow be described by the Blasius formulas. In view of the
rapid decrease of the displacement thickness in the wake, the
thickness H(x) of the computational domain has been chosen
equal to 785 (x), where &g is the Blasius displacement
thickness. In this case, therefore, H(x) is constant
throughout the global iteration process.

Some results obtained with a 121 x 61 grid (which requires
11 global iterations) have been presented in Figs. 9-11. Here
we show displacement thickness, pressure, skin friction, and
velocity at the wake centerline. These results have been
compared with asymptotically obtained composite expansions
formed from the solution of the triple-deck equations, !4 the
Blasius values, and the solution of the classical wake

AIAA JOURNAL

1 T T T 1

- ~—=—BOUNDARY LAYER/WAKE SOLUTION
PR ( WITHOUT INTERACTION )
ASYMPTOTIC THEORY

1
o © 00 PRESENT SOLUTION
{ WITH INTERACTION }

0.004

-0.004

-0.008

-0.012

| ] | 1

0.8 0.5 T M T2

Fig.9 Trailing-edge flow: comparison of displacement thickness and
pressure from present interacting boundary-layer solution, classical
boundary-layer/wake solution, and composite solution from
asymptotic triple-deck theory.
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Fig. 10 Trailing-edge flow: comparison of skin friction (see caption
of Fig. 9).
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Fig. 11 Trailing-edge flow: comparison of velocity on wake cen-
terline (see caption of Fig. 9).

equations. 3! Itis observed that the agreement between the two
sets of results is very good, which confirms the consistency
between the asymptotic triple-deck theory and the present
interacting boundary-layer model. A similar comparison for
supersonic interaction near a compression corner has been
made by Burggraf et al., 32 whereas a comparison for subsonic
interaction of a boundary-layer flow over a small hump has
been performed by Ragab and Nayfeh. 33

In this example of trailing-edge flow another advantage of
the interacting boundary-layer model appears. The classical
solution for the displacement thickness possesses a discon-
tinuous tangent dé/dx at the trailing edge (see Fig. 9). Use of
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this displacement thickness as an input to an improved
potential flow calculation consequently leads to singularities.
To overcome these difficulties it is practice to smooth away
the singular behavior of the displacement thickness by some
more or less arbitrary procedure. However, the present in-
teracting boundary-layer model automatically leads to
smooth results for the displacement thickness.

V. Conclusion

Insprired and guided by asymptotic theory a new, quasi-
simultaneous method has been developed for the calculation
of interacting boundary layers. The essence of the method is a
new interactive boundary condition prescribing a linear
combination of pressure and displacement thickness. This
linear relation models the behavior of the outer potential
flow. This way the advantages of the existing direct and in-
verse methods are combined, avoiding difficulties near
separation points and providing a smooth transition from a
directly calculated part of the boundary layer. Furthermore
the convergence of the global iteration process is very fast;
overrelaxation can be applied. These favorable properties can
be explained from the quasi-simultaneous treatment of
boundary layer and outer flow.

This quasi-simultaneous method is capable of efficiently
calculating incompressible, laminar boundary layers with
" small separation bubbles, and trailing-edge flows. It is our
belief that the philosophy behind the present method can also
be used to design efficient calculation methods for turbulent
and compressible flows, including flows with shock-wave
boundary-layer interaction.
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